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We study the holographic entanglement entropy in metal/superconductor phase transition with expo-
nential nonlinear electrodynamics (ENE) in four and ﬁve dimensional spacetimes. We ﬁnd that the 
holographic entanglement entropy is powerful tool in studying the properties of the holographic phase 
transition. For the operator 〈O+〉, we show that the entanglement entropy in 4-dimensional spacetime 
decreases in metal phase but changes non-monotonously in superconducting phase with the increase of 
the ENE parameter. Interestingly, the change of the entanglement entropy in 5-dimensional spacetime for 
the two phases is monotonous as the ENE factor alters. For the operator 〈O−〉, we note that the behav-
ior of entanglement entropy in four and ﬁve dimensional spacetimes changes monotonously for the two 
phases as we tune the strength of the ENE. Furthermore, for both operators, the entanglement entropy 
in four or ﬁve dimensional black hole increases with the increase of the width of the region.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
The anti-de Sitter/conformal ﬁeld theory (AdS/CFT) corre-
spondence states that a weak coupling gravity theory in a d-
dimensional AdS spacetime can be related to a strong CFT on the 
(d − 1)-dimensional boundary [1–3]. Based on this novel idea, the 
simplest example of the duality between the superconductor and 
gravity theory was ﬁrst constructed in Ref. [4]. It was suggested 
that the Reissner–Nordstrom–AdS (RN–AdS) black hole becomes 
unstable and ﬁnally the scalar hair brings spontaneous U (1)-gauge 
symmetry breaking as one tunes the temperature of black hole. 
And the change from the RN–AdS black hole to hair black hole 
is corresponded to a second order phase transition from nor-
mal phase to superconducting phase. Since this prominent feature 
connection between condensed matter and gravitational physics 
provides us an elegant approach to study the strongly coupled 
condensed matter systems, a lot of the holographic superconduc-
tor models have been studied extensively [5–20].
In the frame of nonlinear electromagnetic theory, Jing and Chen 
studied the Holographic superconductors in the Born–Infeld elec-
trodynamics (BINE) and found that the BINE can hinder the for-
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SCOAP3.mation of the scalar hair so that the holographic superconductor 
becomes diﬃcult to form [21]. And then Siopsis et al. analytically 
calculated the critical exponent near the critical temperature and 
found that the analytical results are in good agreement with the 
numerical ﬁndings [22,23]. The higher-dimensional superconduc-
tor with BINE was analytically studied in [24]. When taking the 
backreaction into account, the authors in [25,26] observed that not 
only the BINE but also the backreaction make the condensation 
harder to form. When the gauge ﬁeld is taken as the ENE, it was 
shown that the ENE correction makes the condensation harder but 
does not affect the critical phenomena of the system in the probe 
limit [27,28]. However, the holographic superconductors with ENE 
away from the probe limit still remain to be studied.
Recently, many authors [29–36] think that the some important 
properties of holographic superconductors at low temperatures can 
be probed by the entanglement entropy. The entanglement entropy 
is expected to be an effective measure of how a given quantum 
system is strongly correlated. For a given system, the entangle-
ment entropy of subsystem with its complement is deﬁned as the 
von Neumann entropy. According to the AdS/CFT correspondence, 
Ryu and Takayanagi [37,38] have provided a geometric proposal to 
compute the entanglement entropy of CFTs from the minimal area 
surface in gravity side. Ref. [39] studied the behavior of entangle-
ment entropy for a strip geometry in the holographic metal/su-
perconductor model and found that the entanglement entropy is  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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behavior of entanglement entropy with higher derivative gravity 
was studied in [40,41]. Then the holographic entanglement en-
tropy in p-wave superconductor phase transition was considered 
and it was shown that the entanglement entropy is a good probe 
to investigate the properties of the holographic phase transition 
[42,43]. The entanglement entropy can be considered as a probe 
of the proximity effect of a superconducting system by using the 
gauge/gravity duality in a fully back-reacted gravity system [44]. 
More recently, the authors of Ref. [45] observed that the entangle-
ment entropy is a good probe to the critical temperature and the 
order of the phase transition in the holographic superconductor 
system with dark matter sector. Considering the higher deriva-
tive correction to the Maxwell ﬁeld, we have studied the holo-
graphic entanglement entropy in the phase transition with BINE in 
Refs. [46,47]. The ENE, which was introduced by Hendi to obtain 
the new charged BTZ black hole solutions in the Einstein non-
linear electromagnetic ﬁeld, is a new Born–Infeld-like nonlinear 
electrodynamics [48,49]. The Lagrangian density for the ENE the-
ory is
LENE = 1
4b2
[
e−b2 F 2 − 1
]
, (1)
F 2 = Fμν Fμν , where Fμν is the electromagnetic ﬁeld tensor, 
b is the exponential coupling parameter and this Lagrangian will 
reduce to the Maxwell case as the factor b approaches zero. 
Compared to the Born–Infeld nonlinear electrodynamics (BINE) 
[50–54], the ENE displays different effect on the electric poten-
tial and temperature for the same parameters and its singularity is 
much weaker than that for the Einstein–Maxwell theory [55–58]. 
Therefore, it is of great interest to see the phase transition in the 
frame of the ENE theory, in particular, to see how the entangle-
ment entropy changes as the strength of the ENE changes.
In the present paper, we would like to investigate the behav-
ior of entanglement entropy in the metal/superconductor phase 
transition with ENE, and examine whether the holographic en-
tanglement entropy is still useful in describing properties of the 
phase transition system. In the 4-dimensional spacetime, we ob-
serve that the entanglement entropy decreases in the metal phase 
for both operators as the ENE factor becomes larger. In the su-
perconducting phase, however, with the increase of the ENE fac-
tor, the entanglement entropy of the operator 〈O−〉 increases 
monotonously but the entanglement entropy ﬁrst increases and 
then decreases continuously for the operator 〈O+〉. Considering 
the higher dimensional spacetime, we note that with the increase 
of the ENE parameter the value of the entanglement entropy in-
creases monotonously in 5-dimensional spacetime for the two op-
erators in the superconducting phase. However, the entanglement 
entropy in the normal phase decreases as the ENE factor becomes 
larger. We also note that the slope of entanglement entropy in four 
and ﬁve dimensional spacetimes presents a discontinuous change 
at a critical temperature which implies a signiﬁcant reorganiza-
tion of the degrees of freedom of the system due to the process of 
phase transition. Furthermore, the jump of the slope of the entan-
glement entropy can be regarded as the signature of the second 
order phase transition.
The structure of this work is as follows. In section 2, we intro-
duce the holographic superconductor model with ENE theory and 
study the properties of holographic phase transition by examining 
the scalar operator. In section 3, we investigate the holographic en-
tanglement entropy of the phase transition system in four and ﬁve 
dimensional spacetimes, respectively. In the last section, we sum-
marize our results.2. Holographic superconducting model with exponential 
electromagnetic ﬁeld
We now introduce the holographic superconductor model with 
ENE theory and then study the properties of holographic phase 
transition.
2.1. Equations of motion and boundary conditions
The action for the exponential electromagnetic ﬁeld coupling 
to a charged scalar ﬁeld in Einstein gravity with a cosmological 
constant is
S =
∫
ddx
√−g
{ 1
16πGd
[
R + (d − 1)(d − 2)
L2
]
− |∇ψ − iqAψ |2 −m2|ψ |2 + LENE
}
, (2)
where g is the determinant of the metric, L is the radius of 
AdS spacetime, ψ stands for the scalar ﬁeld with charge q and 
mass m, A is the gauge ﬁeld and F = dA is it’s strength, and 
LENE = 14b2 [e−b
2 F 2 − 1] is Lagrangian density for the ENE theory. 
In the limit b → 0, the ENE ﬁeld will reduce to the Maxwell ﬁeld.
To construct a superconductor dual to AdS black hole conﬁgu-
ration, we take the coordinates for the planar black hole with full 
backreaction in the form
ds2 = − f (r)e−χ(r)dt2 + dr
2
f (r)
+ r2hijdxidx j. (3)
The Hawking temperature of this black hole, which will be in-
terpreted as the temperature of the CFT, can be expressed as
TH = f
′(r+)e−χ(r+)/2
4π
, (4)
where r+ is the horizon of the black hole.
The ansatz of the gauge ﬁeld and the scalar ﬁeld can be written 
as
At = φ(r), ψ = ψ(r). (5)
From the action and the metric, we can obtain the correspond-
ing independent equations of motion as follows
ψ ′′ +
(
d − 2
r
− χ
′
2
+ f
′
f
)
ψ ′ + 1
f
(
q2eχφ2
f
−m2
)
ψ = 0, (6)
(1+ 4β2eχφ′ 2)φ′′ +
(
d − 2
r
+ χ
′
2
)
φ′ + 2β2eχχ ′φ′ 3
− 2q
2ψ2e−2β2eχφ′ 2
f
φ = 0, (7)
χ ′ + 2r
d − 2
(
ψ ′ 2 + q
2eχφ2ψ2
f 2
)
= 0, (8)
f ′ −
(
(d − 1)r
L
− (d − 3) f
r
)
+ r
d − 2
[
m2ψ2
+ f
(
ψ ′ 2 + q
2eχφ2ψ2
f 2
)
+ 1− e
2β2eχφ′ 2(1− 4β2eχφ′ 2)
4β3
]
= 0, (9)
where the prime denotes the derivative with respect to r, and 
16πG = 1 was used. In order to solve the equations of this com-
plex system, we have to specify the boundary conditions.
W. Yao, J. Jing / Physics Letters B 759 (2016) 533–540 535Fig. 1. (Color online.) The operators 〈O+〉 (left plot) and 〈O−〉 (right plot) versus temperature after condensation with different values of ENE parameter in 4-dimensional 
spacetime. The four lines from top to bottom correspond to b = 0 (black), b = 0.2 (blue), b = 0.4 (red), and b = 0.6 (green) respectively.At the event horizon r+ , the regularity condition of the bound-
ary conditions behaves as
φ(r+) = 0, f (r+) = 0, (10)
and at the asymptotic AdS boundary (r → ∞), the asymptotic be-
haviors of the solutions are
χ → 0, f ∼ r2, φ ∼ μ − ρ
rd−3
, ψ ∼ ψ−
r	−
+ ψ+
r	+
, (11)
where μ and ρ are interpreted as the chemical potential and 
charge density in the dual ﬁeld theory respectively. The coeﬃ-
cients ψ− and ψ+ correspond to the vacuum expectation values 
〈O−〉 and 〈O+〉 of an operator O dual to the scalar ﬁeld according 
to the AdS/CFT correspondence [59,60]. The conformal dimension 
of the condensation operator O in the boundary ﬁeld theory for 
d-dimensional AdS spacetime is
	± = 1
2
[(d − 1) ±
√
(d − 1)2 + 4m2]. (12)
Considering Breitenlohner–Freedman bound [61], the mass of the 
scalar ﬁeld must be restricted as m2 > −(d − 1)2/4. In addition, 
it should be noted that provided 	− is larger than the unitarity 
bound, both ψ− and ψ+ can be normalizable where −(d −1)2/4 <
m2 < −(d − 1)2/4 + 1 [62]. This means that ψ− or ψ+ can either 
be identiﬁed as a source or an expectation value. In the paper, 
without loss of generality, we will impose boundary condition that 
either ψ− or ψ+ vanishes in our calculation.
From the equations of motion for the system, we can get the 
useful scaling symmetries in the forms
r → αr, (x, y, t) → (x, y, t)/α, φ → αφ, f → α2 f , (13)
L → αL, r → αr, t → αt, q → α−1q, (14)
eχ → α2eχ , φ → α−1φ, t → tα. (15)
Using the scaling symmetries (13) we can take r+ = 1, and the 
symmetries (14) allow us to set the L = 1. Then, the following 
quantities can be rescaled as
μ → αμ, ρ → αd−2ρ,
〈O−〉 → α	−〈O−〉, 〈O+〉 → α	+〈O+〉. (16)2.2. Physical properties of phase transition
We now study the physical properties of phase transition in 
this model through the behaviors of the scalar condensation. In 
order to obtain the solutions in metal phase, we set the function 
ψ(r) = 0 and the solution of the system is just the black hole with 
exponential form of nonlinear electrodynamics. However, the equa-
tions are nonlinear and coupled to each other in the superconduct-
ing phase where ψ(r) = 0. Therefore, we solve these equations by 
using the numerical shooting method. Introducing a new variable 
z = r+/r, then the region r+ < r < ∞ corresponds to 1 > z > 0. In 
the following, we study the effects of the ENE parameter b on the 
condensation of the scalar operators in d-dimensional spacetime. 
The useful dimensionless quantities are
T /ρ
1
d−2 , 〈O−〉
1
	− /ρ
1
d−2 , 〈O+〉
1
	+ /ρ
1
d−2 . (17)
Firstly, we concretely investigate the phase transition for ENE 
ﬁeld with full backreaction in 4-dimensional AdS black hole space-
time. Considering Breitenlohner–Freedman bound [61], we here set 
m2 = −2 and q = 1. The scalar operator as a function of tempera-
ture with different values of ENE parameter is shown in Fig. 1. In 
the left panel, it is shown that the operator 〈O+〉 emerges at crit-
ical temperature Tc , which implies the phase transition appears. 
The critical behavior near Tc is found to be 〈O+〉 ∝ (1 − T /Tc) 12 . 
This shows that the phase transition is of second order. It should 
be noted that the value of the critical temperature Tc becomes 
smaller as the ENE factor b increases, which means that the ENE 
correction to the usual Maxwell ﬁeld makes the scalar hair harder 
to form in the full-backreaction model. Furthermore, for a given b, 
the critical temperature Tc of the ENE system is smaller than that 
of the BINE system which was studied in [47]. That is to say, the 
scalar hair is more diﬃcult to be develop in the model with ENE 
than that with BINE. For the operator 〈O−〉 (right plot), we also 
ﬁnd that there is a phase transition at the critical temperature Tc , 
and the critical temperature Tc decreases with the increase of the 
parameter b. As the factor b approaches to zero, our result is con-
sistent with the result in Ref. [60].
Then, it is interesting to study the behavior of the condensa-
tion in higher dimensional spacetimes. Concretely, we set d = 5, 
q = 2, m2 = √−15/4. In Fig. 2, we plot the behaviors of condensa-
tion with the changes of the temperature and the ENE parameter 
in 5-dimensional spacetime. From the left plot of Fig. 2, we show 
that when the temperature decreases to be lower than the criti-
cal value Tc , the condensation of the operator 〈O+〉 appears and 
536 W. Yao, J. Jing / Physics Letters B 759 (2016) 533–540Fig. 2. (Color online.) The operators 〈O+〉 (left plot) and 〈O−〉 (right plot) as a function of the temperature after condensation with different values of ENE parameter in 
5-dimensional spacetime. The four lines from top to bottom correspond to b = 0 (black), b = 0.2 (blue), b = 0.4 (red), and b = 0.6 (green) respectively.this tells us that the scalar hair forms. Interestingly, with the in-
crease of the ENE factor b, the value of the critical temperature 
Tc decreases. This means that the ENE correction to the usual 
Maxwell ﬁeld hinders the formation of the scalar condensation 
in this system. In the right-hand panel, we ﬁnd that the behav-
iors of condensate of the operator 〈O−〉 with the changes of the 
temperature and the ENE parameter are similar to the case of the 
operator 〈O+〉.
3. Holographic entanglement entropy of phase transition system
In this section, we will concentrate on the holographic entan-
glement entropy of the holographic model. A simple and elegant 
proposal to entanglement entropy of the boundary ﬁeld theory 
in the context of gauge/gravity duality has been presented in 
Refs. [37,38]. It is explicitly given by the formula
S A = Area(γA)
4GN
, (18)
where S A is the entanglement entropy for the subsystem A which 
can be chosen arbitrarily, γA is the minimal area surface in the 
bulk which ends on the boundary of A, GN is Newton constant in 
the Einstein gravity on the AdS space. Here, we consider the entan-
glement entropy for a strip geometry in d-dimensional spacetime 
and study the behavior of holographic entanglement entropy in 
this phase transition system.
3.1. Holographic entanglement entropy in 4-dimensional spacetime
We ﬁrst explore the inﬂuence of the ENE electrodynamics 
on the entanglement entropy by the holographic method in 
4-dimensional spacetime. Here we study the entanglement entropy 
for a strip geometry corresponding to a subsystem A which is de-
scribed by − 2 ≤ x ≤ 2 and − R2 < y < R2 (R → ∞), where  is 
deﬁned as the size of region A. For the x direction, we assume 
that the holographic surface γA starts from r = 1 at x = 2 , ex-
tends into the bulk until it reaches r = r∗ , then returns back to the 
AdS boundary r = 1 at x = − 2 . Then, the induced metric on the 
hypersurface A can be written as
ds2 = hijdxidx j =
(
1
f (r)
+ r2
(
dx
dr
)2)
dr2 + r2dy2. (19)According to the Eq. (18), the entanglement entropy in the strip 
geometry connecting with the area of the surface is given by
4G4S A = Area(γA) = R

2∫
− 2
r
√
r′(x)2
f (r)
+ r2dx. (20)
The integrand in Eq. (20) can be treated as the Lagrangian with x 
direction thought of as time. Since the Lagrangian does not depend 
explicitly on x, a constant of the motion is
r2∗ = r
√
r′(x)2
f (r)
+ r2, (21)
with r∗ satisfying the condition dr/dx|r=r∗ = 0. Note that the di-
vergent part of the entanglement entropy known as the area law 
will not change because this part is only sensitive to UV quanti-
ties [37,38]. Then, the entanglement entropy in z-coordinate can 
be rewritten as
4G4S A = Area(γA) = 2R
z∗∫
ε
dz
z2∗
z2
1√
(z4∗ − z4)z2 f (z)
= 2R
(
1
ε
+ s
)
, (22)
and the width  is

2
=
z∗∫
ε
dz
z2√
(z4∗ − z4)z2 f (z)
, (23)
where z = 1r . In Eq. (22), the ﬁrst term is UV cutoff and represents 
the “area law” [37,38]. The second term is ﬁnite term and thus 
is physically important. According to the discussion in Section 2.1, 
the above physical quantities s and  under the Eq. (13) can be 
rescaled as s → αs,  → α−. Consequently, we can use these scale 
invariants in the following calculation
s/
√
ρ, 
√
ρ. (24)
The behavior of the entanglement entropy of the operator 〈O+〉
as a function of temperature T and the nonlinear factor b with 

√
ρ = 1 is presented in Fig. 3. The vertical dashed lines represent 
the critical temperature of the phase transition for each b. The dot-
dashed lines are for the normal phase and the solid ones are for 
the superconducting cases. It is found that the entanglement en-
tropy as a function of temperate has a discontinuous slop at the 
W. Yao, J. Jing / Physics Letters B 759 (2016) 533–540 537Fig. 3. (Color online.) The entanglement entropy of the operator 〈O+〉 in 4-dimension as a function of the temperature T and the ENE factor b for ﬁxed belt width. In the 
left plot, the three lines from bottom to top correspond to b = 0 (black), b = 0.1 (blue) and b = 0.2 (red), but in the right one are for b = 0.3 (magenta), b = 0.4 (green), 
b = 0.5 (brown), respectively.Fig. 4. (Color online.) The entanglement entropy of the operator 〈O−〉 in 
4-dimension as a function of the temperature T and the ENE factor b for ﬁxed 
belt width. The vertical dotted lines represent the critical temperature of the phase 
transition for various b. The dot-dashed line is for the metal phase and the solid 
one is for the superconductor solutions The four lines from bottom to top are for 
b = 0 (black), b = 0.2 (blue), b = 0.4 (red), and b = 0.6 (green) respectively.
critical temperature Tc . Which indicates that some kind of new 
degrees of freedom like the Cooper pairs would appear in new 
phase. And this discontinuity corresponds to second order phase 
transition in the holographic model with ENE. Therefore, the en-
tanglement entropy is useful in disclosing the holographic phase 
transition, and its behavior can indicate not only the appearance, 
but also the order of the phase transition.
Moreover, the entanglement entropy in superconducting phase 
is lower than the one in metal phase and decreases monotonously 
as temperature decreases. It means that the condensate turns on 
at the critical temperature and the formation of Cooper pairs make 
the degrees of freedom decrease in the hair phase. For a given T , 
the value of the entanglement entropy becomes smaller as the 
ENE factor b increases in the metal phase. In the superconducting 
phase, however, the entanglement entropy ﬁrst increases (left plot) 
and then decreases monotonously (right plot) as the parameter b
becomes larger. For the operator 〈O−〉, interestingly, the depen-
dence of the entanglement entropy on the factor b is monotonic 
in the hair phase which is displayed in Fig. 4. It also can be seen 
from the picture that the value of the entanglement entropy in 
metal phase decreases with the increase of the parameter b. Fur-thermore, the value of the critical temperature Tc decreases as we 
choose a larger b. Comparing with the results in Fig. 1, we mention 
that the entanglement entropy is more sensitive to the change of 
the nonlinear parameter b than the scalar operator, which provide 
us a better approach to detect the effects of ENE.
Next, for the sake of studying the effect of strip width  on 
the entanglement entropy in the superconducting phase, we plot 
in Figs. 5 and 6 the behavior of the entanglement entropy as a 
function of the parameter T for different widths  with b = 0.4
for both operator 〈O+〉 and operator 〈O−〉. From the Fig. 5, we 
ﬁnd that the entanglement entropy increases with the increase of 
belt width . For the operator 〈O−〉, the entanglement entropy be-
comes bigger with the increase of the factor b which is displayed 
in the Fig. 6.
3.2. Holographic entanglement entropy in 5-dimensional spacetime
Considering the higher dimensional spacetime, we focus here 
on studying the holographic entanglement entropy of the holo-
graphic model in 5-dimensional spacetime. The entanglement en-
tropy for a strip shape corresponding to a subsystem A is deﬁned 
by a ﬁnite width  along the x direction and inﬁnitely extending 
in y and ρ directions. The induced metric on the hypersurface A
is
ds2 = hijdxidx j =
(
1
f (r)
+ r2
(
dx
dr
)2)
dr2 + r2dy2 + r2dρ2.
(25)
By using the proposal Eq. (18), the entanglement entropy in 
terms of z can be expressed as
S A = V
2G5
z∗∫
ε
dz
z3∗
z2
1√
(z6∗ − z6)z2 f (z)
= V
4G5
(
1
ε2
+ s
)
, (26)
where V = ∫ dydρ . The ﬁrst term is divergent as ε → 0. The sec-
ond term is independent of the cutoff and is ﬁnite. The width  is 
given in terms of z∗

2
=
z∗∫
dz
z3√
(z6∗ − z6)z2 f (z)
. (27)ε
538 W. Yao, J. Jing / Physics Letters B 759 (2016) 533–540Fig. 5. (Color online.) The entanglement entropy of the operator 〈O+〉 in 4-dimension is depicted as a function of T for different widths  with b = 0.4. The left plot (black) 
is for 
√
ρ = 0.9, the middle one (blue) for √ρ = 1.0, and the right one (red) for √ρ = 1.1.Fig. 6. (Color online.) The entanglement entropy of the operator 〈O−〉 in 
4-dimension is depicted as a function of T for different widths  with b = 0.4. 
The three lines from bottom to top are for 
√
ρ = 0.9 (black), √ρ = 1.0 (blue), 

√
ρ = 1.1 (red) respectively.
Now, we can calculate the entanglement entropy of the opera-
tors 〈O−〉 and 〈O+〉 and explore the effects of the temperature T , 
the ENE factor b and the belt width  on the entanglement en-
tropy, respectively.
The behavior of the entanglement entropy for various factors is 
show in Fig. 7 in the dimensionless quantities s/ρ
1
3 , ρ
1
3 , T /ρ
1
3 . 
The vertical dashed lines represent the critical temperature of the 
phase transition for the different value of the ENE factor. The dot-
dashed lines are for the normal phase and the solid ones are for 
the superconductor solution. For both operators, the behavior of the entanglement entropy with respect to the temperature is simi-
lar to the case of the 4-dimensional spacetime which is studied in 
section 3. This means that the entanglement entropy is also a good 
probe to the holographic phase transition in higher dimensional 
spacetime of this model. When the temperature T is ﬁxed, for the 
two operators, we ﬁnd that the entanglement entropy decreases 
(or increases) with the increase of the ENE factor b in the normal 
(or hair) phase. Furthermore, it is of interest to note that the slope 
of the curve decreases as the temperature is lowered in supercon-
ductor situation. And the inﬂuence of the ENE parameter b on the 
entanglement entropy is getting smaller as we choose a lower tem-
perature. To get further understanding of the effect of the width 
on the entanglement entropy in the hair phase, we plot the cor-
responding results in Fig. 8 with b = 0.4. In the left-hand panel, 
we ﬁnd that the entanglement entropy for the operator 〈O+〉 in-
creases with the increase of the factor . From the right panel, we 
can see that the behavior of the entanglement entropy for the op-
erator 〈O−〉 with respect to the width  is similar to the case of 
the operator 〈O+〉.
4. Summary
We studied the phase transition and the behavior of entangle-
ment entropy in four and ﬁve dimensional AdS black holes with 
ENE. Firstly, we revealed the properties of the phase transition by 
analyzing the behaviors of the scalar hair. It was found that the 
scalar hair emerges at critical temperature T = Tc , which implies 
the phase transition appears. With the increase of the ENE param-
eter b, the value of the critical temperature Tc becomes smaller. 
That is to say, the ENE correction to the usual Maxwell ﬁeld makes 
the scalar hair harder to form in the full-backreaction model.Fig. 7. (Color online.) The entanglement entropy of the operator 〈O+〉 (left plot) and the operator 〈O−〉 (right plot) with respect to the factor T for different b as ρ 13 = 1.0
in 5-dimensional spacetime. The four lines from bottom to top are for b = 0 (black), b = 0.2 (blue), b = 0.4 (red), and b = 0.6 (green) respectively.
W. Yao, J. Jing / Physics Letters B 759 (2016) 533–540 539Fig. 8. (Color online.) The entanglement entropy of the operator 〈O+〉 (left plot) and the operator 〈O−〉 (right plot) with respect to the factor T for different width  as 
b = 0.4 in 5-dimensional spacetime. The three lines from bottom to top are for √ρ = 0.9 (black), √ρ = 1.0 (blue), √ρ = 1.1 (red) respectively.More importantly, we investigated the holographic entangle-
ment entropy of the holographic model. For the 4-dimensional 
spacetime, we observed that the holographic entanglement en-
tropy as a function of temperature has a discontinuous slop at the 
critical temperature Tc . And this jump of the slop of the entangle-
ment entropy corresponds to second order phase transition in the 
holographic model with ENE. Moreover, the entanglement entropy 
in the hair phase is lower than the one in the metal phase and de-
creases monotonously as temperature decreases. This is due to the 
fact that the formation of Cooper pairs makes the degrees of free-
dom decrease in the hair phase. For a ﬁxed T , we can see that the 
entanglement entropy of the operators 〈O+〉 and 〈O−〉 in the nor-
mal phase becomes smaller as the ENE factor b increases. In the 
superconducting phase, however, it is surprising that the inﬂuence 
of the parameter b on the entanglement entropy of the operator 
〈O+〉 is non-monotonic. We found that for the two operators the 
entanglement entropy increases with the increase of the width of 
the region.
We also explored the holographic entanglement entropy of the 
holographic model in 5-dimensional spacetime and observed that 
the behavior of the entanglement entropy as a function of the 
temperature is similar to the case of the 4-dimensional spacetime. 
Furthermore, it was of interest to note that the slope of the curve 
decreases as the temperature decreases in superconductor situa-
tion. For a ﬁxed T , we found that the entanglement entropy of 
two operators decreases in the metal phase but increases in the 
hair phase as the ENE factor b increases. We also noted that the 
effect of the ENE factor on the entanglement entropy is getting 
smaller as we choose a low temperature in the superconducting 
phase, and the value of the entanglement entropy becomes bigger 
as the width of the region increases.
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